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Abstract 
 
We simulate and discuss novel spatio-temporal propagation effects that relate specifically 
to pulsed, phase-mismatched second harmonic generation in a negative index material 
having finite length.  Using a generic Drude model for the dielectric permittivity and 
magnetic permeability, the fundamental and second harmonic frequencies are tuned so 
that the respective indices of refraction are negative for the pump and positive for the 
second harmonic signal.  A phase-locking mechanism causes part of the second harmonic 
signal generated at the entry surface to become trapped and dragged along by the pump 
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and to refract negatively, even though the index of refraction at the second harmonic 
frequency is positive. These circumstances culminate in the creation of an anomalous 
state consisting of a forward-moving second harmonic wave packet that has negative 
wave vector and momentum density, which in turn leads to non-specular reflections at 
intervening material interfaces. The forward-generated second harmonic signal trapped 
under the pump pulse propagates forward, but has all the attributes of a reflected pulse, 
similar to its twin counterpart generated at the surface and freely propagating backward 
away from the interface.  This describes a new state of negative refraction, associated 
with nonlinear frequency conversion and parametric processes, whereby a beam 
generated at the interface can refract negatively even though the index of refraction at 
that wavelength is positive.    
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The primary reason to investigate second harmonic generation (SHG) [1] has 
been the achievement of efficient frequency doubling, with emphasis on phase-matched 
interactions. In bulk media, phase matching (PM) is a momentum-conserving condition 
that does not generally occur naturally.  As a result, most efforts have been directed 
toward the achievement of PM by introducing geometrical modifications aimed at 
circumventing natural material dispersion and creating effective phase matching 
conditions [2-24].  The systematic study of nonlinear propagation phenomena at or very 
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near PM conditions has resulted in relatively few studies of SHG and related propagation 
phenomena in a phase-mismatched (PMM) environment, although from time to time 
workers have addressed the issue [4,25-31].  The present investigation is an extension of 
previous work [32], where the presence of a second harmonic component in the output 
signal was framed in the context of a generic phase-locking mechanism that appears to 
characterize parametric processes in ordinary as well as negative index materials, or 
NIMs, including third order processes [33].    
Typically, in ordinary, positive index materials (PIMs) the generated second 
harmonic signal consists of two pulses.  One of the pulses is trapped and dragged along 
by the pump pulse, and propagates under the pump envelope at the pump’s group 
velocity.  The second pulse decouples from the pump and propagates with the 
characteristic group velocity of the second-harmonic frequency, and obeys material 
dispersion.  Although the qualitative aspects of the interaction in both PIMs and NIMs 
appear to evolve in somewhat parallel tracks, in NIMs the effects of phase-locking 
manifest themselves in much more dramatic fashion.  For example, similar to what 
occurs in PIMs, in NIMs the pump pulse also captures part of the SH signal, and both co-
propagate at the same group velocity, regardless of material dispersion.  Mirroring what 
also occurs in PIMs, the relative amplitudes of the electric and magnetic fields change to 
accommodate the fact that while material dispersion does not allow it, the effective 
impedance that the pump and the SH fields experience must be the same as a result of 
phase locking.  However, the pump is refracting negatively, and as a result the most 
consequential adjustment the SH field must make relates to the fact that it is tuned to a 
region of positive index: its captivity relegates the SH signal to do as the pump does, i.e. 
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it must refract as if its index of refraction were negative.  Moreover, the second harmonic 
E and H fields no longer overlap [32] even though material dispersion is such that ε=μ 
(this equality renders Maxwell’s equations symmetric, E and H fields overlap, and the 
fields indistinguishable).  
Under phase-mismatched conditions, SHG takes place as the pump pulse transits 
across material entry or exit surfaces in both PIMs and NIMs.  The process is 
characterized by the generation of a backward pulse, and forward-propagating phase-
locked and normal pulses.  The analysis in reference [32] strongly hinted at the fact that 
in NIMs reflected and phase-locked pulses may in reality be the same pulse, part of 
which is emitted backward at the interface and the rest is appropriated and captured by 
the pump. Here we provide further evidence that these pulses are indeed strongly 
correlated by numerically showing that the momentum density of the phase-locked pulse 
is negative, even though the pulse propagates along the positive direction, thus appearing 
to have the properties of its twin reflected pulse.  
In order to understand how these effects come about it helps to study pulsed 
second harmonic generation under phase matched conditions [34] and compare with the 
present case.  If the interaction were to occur at or very near phase matching, a broad, 
backward-propagating reflected SH pulse is continuously generated under the forward-
moving pump pulse deep inside the medium.  Therefore, the SH signal is generated under 
the pump with negative momentum and rushes backward toward the entry surface.  
Outside of phase matching conditions, the pump generates a reflected SH signal part of 
which is able to immediately leave the medium, while part of it is generated inside the 
medium but is not able to escape as it becomes trapped by the pump.   
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The phase-locking phenomenon just described is exemplified in Figs.1-2 for a 
PIM, and in Figs.3-4 for a NIM with a normally incident pump pulse.  In the figures we 
show the pulses in physical space and their respective k-space spectra after the pump 
pulse has transited the entry interface.   Remarkably, the introduction of even a 
vanishingly small discontinuity in a NIM material, for example, turning χ(2) off 
somewhere along the longitudinal coordinate, is enough to dislodge the trapped SH pulse 
from under the pump and send it propagating backward [32].  Figs.5-7 represent before-
during-after snapshots of the dynamics that ensues as the pair of phase locked pump and 
second harmonic pulses crosses from a non-zero χ(2) region into a region where χ(2)=0, 
assuming normal incidence.  Similar dynamics occurs for a material discontinuity of 
arbitrary index jump.  The sequence gives a clear indication that the phase locking 
phenomenon is born out of the nonlinear material, which links the harmonics. A 
connection between the trapped pulse and the backward-generated second harmonic 
pulses may be established by performing an analysis of the signal in the neighborhood of 
the phase matching condition, where the correlation between the two pulses becomes 
more evident.  This dynamics has no apparent counterpart in PIMs and is discussed in 
details in reference [32]. 
In reference [32] propagation phenomena were studied by integrating Maxwell’s 
equations using one spatial dimension and time, with particular attention given to the 
dynamics of short femtosecond pulses crossing a small number of positive/negative index 
interfaces.  In the present simulations we consider the addition of a transverse coordinate 
in order to study the dynamics of incident and generated pulses when the pump pulse 
impacts the interface(s) at oblique incidence.  Consideration of a transverse coordinate 
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facilitates the simultaneous study of diffraction and refraction and, as we will see, it adds 
a remarkable phenomenon to the character of the interaction.  Our results may be 
summarized as follows: An analysis of the scattered fields reveals that the momentum 
density of the forward-moving, phase-locked SH pulse is negative. A spectral 
decomposition also reveals that the trapped SH signal is phase-locked to the pump pulse, 
which refracts negatively.  Taken together, these circumstance lead to an unusual 
negative refraction state and just as atypical non-specular reflections of the SH signal. 
The permittivity and the magnetic permeability of the NIM are described by a 
standard, lossy Drude model [5]. In Fig.8 we show several snapshots of a pump pulse 
incident from vacuum on a NIM substrate so that ε(ω)= μ(ω)∼-1.04+i2x10-4, and 
ε(2ω)= μ(2ω)∼ 0.49+i2x10-5, for ω=0.7.   We assume that both the pump and SH fields 
are TE polarized, and χ(2) ∼1pm/V in the region delimited by the left-most, light blue and 
yellow lines, and zero otherwise. The pump remains undepleted, and so its propagation 
remains linear throughout the NIM volume.  In the sequence, the pulse is seen to refract 
negatively, as expected.   
In Fig.9 we show several corresponding snapshots of the scattered SH fields.  For 
example, in snapshot number 3 at least three SH components are visible: (i) a reflected 
pulse; (ii) a normal pulse, which refracts downward according to Snell’s law.  This pulse 
descends down the page because the index of refraction at the second harmonic 
frequency is less then unity; and (iii) a phase-locked pulse that follows the same 
trajectory as the pump, i.e. it refracts negatively even though the index of refraction is 
positive.  As the interaction proceeds forward, the pump crosses the yellow line and spills 
into a NIM region where χ(2)=0.  This event turns off the coupling between the pump and 
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the trapped SH pulse and, similarly to what occurs in one dimension [32], the SH pulse is 
released by the pump.  Later snapshots clearly show that the phase-locked, SH signal 
does not reflect specularly at the interface.  Rather, it is retro-reflected, following its twin 
pulse generated at the first vacuum/NIM interface. 
The situation depicted in Fig.9 is extraordinary because it shows that a pulse 
tuned to a region of positive index acts as if its index of refraction were negative, thus 
pointing to a new way to arrive at negative refraction.  In order to understand the retro-
reflection, in Fig.10 we depict the longitudinal momentum density (Poynting vector) 
Sz(y,z) that corresponds to snapshot number 3 of Fig.9.   The figure shows that the 
calculated momentum density is negative not only for the reflected pulse, as expected, 
but also for the forward-propagating phase-locked pulse. In Fig.11 we show the 
transverse momentum density Sy(y,z), and there again we see that the phase-locked, SH 
pulse has no positive components. Therefore, since the transverse momentum component 
must be conserved due to the lack of transverse boundaries, and since both components 
are negative, the pulse has no choice but to return whence it came.   
The k-space spectral decomposition of Fig.4 implies that the carrier wave vector 
of the phase-locked SH pulse is negative as a result of phase-locking to the pump.  This 
statement implies that the pump and the SH signal propagate with the same effective 
index.  This situation is clearly anomalous, and causes the E and H fields of the phase-
locked pulse to acquire different amplitudes, as shown in Fig.3, for example.  Therefore, 
the characteristics of the phase-locked pulse are identical to the properties of the reflected 
pulse, which has negative k-vector and negative momentum density.  In fact, what occurs 
at the surface may be characterized as follows: as the pump pulse enters the medium it 
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generates a backward propagating SH pulse, part of which immediately finds its way out, 
while a portion is generated under the pump just inside the entry surface with negative 
momentum.  Once the pump advances further into the medium, it schleps and retains that 
portion of the SH signal until a second scattering event occurs that frees the trapped 
pulse.  The situation described is remarkable because it points to a situation where the 
strong relationship that rapidly ensues between the fundamental and phase-locked pulse 
occurs regardless of material dispersion and the kind of material under consideration.  In 
fact we see the effect develop for second and third order processes and for different 
harmonics [32, 33].  Moreover, there are indications that phase-locking and trapping also 
occur for seeded dynamics, once again regardless of the kind of material at hand, or the 
degree of phase mismatch.  Therefore, the phase-locking mechanism appears to be a 
broad-based, fundamental effect that characterizes parametric processes, perhaps even 
including down-conversion.    
In summary, we have discussed a novel way to obtain negative refraction, by 
bringing to bear nonlinear parametric processes in negative index materials.  The 
introduction of a transverse coordinate makes possible the simultaneous study of 
diffraction and refraction across a PIM/NIM interface, and shows that a second harmonic 
signal tuned to a region of positive index can refract negatively if it becomes trapped by a 
negatively refracting pump pulse.  As the pump crosses the interface a set of twin pulses 
is generated, one that is immediately reflected, the other becomes trapped by the pump 
and propagates deep inside the medium.  However, we have shown that the properties of 
the forward-moving SH pulse are identical to the characteristics of its twin pulse, as both 
display negative wave vector and momentum density.  Therefore, once the trapped pulse 
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reaches an interface, the interaction ceases, the phase-locked pulse frees itself of the 
pump’s grip, and thanks to conservation of transverse momentum it is retro-reflected. 
Finally, we note that the results we have presented clearly reveal that many subtleties 
relating to ultrashort pulse propagation and the phase locking mechanism are still not 
well understood.  Nevertheless, the results here also provide new vistas that may lead to 
the development of novel devices.  An examination of Fig.9 brings to mind a phase 
conjugate mirror, for example, although we believe that many more pleasant surprises 
await to be revealed.  
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Figure Captions 
Fig.1:  A Gaussian pump pulse -scale on left axis- propagates into a positive index 
material having ( ) 1.47n ω =  and (2 ) 1.64n ω =  at the fundamental frequency 0.84ω = . 
The second harmonic signal - scale on right axis - is characterized by a reflected pulse, 
and two forward-propagating pulses, one traveling at the normal group velocity, which 
walks off and lags behind, the other phase-locked, and located under the pump and 
traveling at the pump's group velocity. Here too, (2) ~ 1χ pm/V, and absorption is 
negligible. 
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Fig.2: K-space power spectrum for the situation depicted Fig.1.  For the pump (FF) -left 
axis scale- we identify: (i) the reflected component ( 2kω πω=  ), and (ii) the component 
that propagates inside the medium ( k nω ω ).  For the second harmonic (SH) - right axis 
scale - it is possible to recognize (i) the reflected component ( 2k ω ), (ii) the component 
propagating inside the medium that walks off, having nominal group velocity given by 
material dispersion ( 2 2k nω ω ), and (iii) the phase-locked component ( 2k nω ω ). 
Fig.3: A Gaussian pump pulse -black curve, left axis scale- is tuned to 0.84ω = , and 
propagates into a negative index material such that ( ) 0.41n ω = −  and (2 ) 0.64n ω = . The 
second harmonic -red curve, left axis scale- has a reflected pulse, a forward-propagating 
pulse that leads the way, and propagates at the nominal group velocity for the second 
harmonic frequency, and a phase-locked pulse that propagates at the group velocity of the 
fundamental pump field. (2) 1χ = pm/V, and absorption is negligible. 
Fig.4: K-space power spectrum of the situation in Fig.7.  For the pump field -left axis 
scale- we have a forward-propagating component characterized by a negative carrier 
wave vector ( k nω ω ).  Pump reflections are negligible.  For the second harmonic 
wavelength -right axis scale- we identify: (i) the reflected component ( 2k ω− ), (ii) the 
normal component that walks off ( 2 2k nω ω ), and (iii) the phase-locked component 
( 2k nω ω ). 
Fig.5: A Gaussian pulse tuned to 0.84ω = -black curve, left axis scale- propagates into a 
negative index material having ( ) 0.41n ω = − ( ) 0.41n ω =−  and (2 ) 0.64n ω = , just 
before a (2)χ  interface is crossed. The phase-locked SH pulse -red and blue curves, right 
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axis scale- propagates at the same group velocity as the FF.  (2) 1χ = pm/V, and 
absorption is negligible. 
Fig.6: The same pulses of Fig.5 during the (2)χ  interface crossing.  Note that the FF 
pulse crosses undisturbed, while the SH pulse is stopped as a second forward-moving SH 
pulse begins to form to the right of the interface.  
Fig.7:  The same pulses of Fig.5 after the (2)χ  interface crossing. The phase-locked pulse 
is now freely propagating backward with the group velocity dictated by material 
dispersion, and a forward-propagating SH pulse is also clearly visible.   
Fig.8:  A pump pulse is incident at oblique incidence on a NIM, which is divided into 
linear and nonlinear portions.  SHG remains in the undepleted regime, and so the pump 
propagates feeling no influence from the SH signal. 
Fig.9: Generated second harmonic pulses.  A first pulse is generated backward, while 
two pulses are seen to depart from the entry surface, one downward, which refracts 
according to material dispersion and Snell’s law, one upward, phase-locked and trapped 
by the pump pulse.  We note that the index of refraction at the SH frequency is positive.  
Nevertheless, the signal refracts negatively, following the pump pulse.  Once the pulse 
reached the interface that separates a linear from a nonlinear NIM, the SH pulse is freed 
from the pulse, and is retro-reflected in the direction whence it came. 
Fig.10: Longitudinal momentum density that corresponds to snapshot number 3 of both 
Figs.9 and 10.  It is evident that the momentum density of the phase-locked, forward 
propagating pulse is negative, just as the momentum density of the reflected pulse is 
negative, thus providing further proof that the pulses are indeed twin.  The pump pulse 
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rips apart the pulse generated at the interface, and freezes the portion that it captures and 
drags along, to release it only at the next interface crossing.   
Fig.11: Transverse momentum density that corresponds to Fig.10.  Here to the 
momentum components of the phase locked pulse are negative.  The lack of any positive 
momentum components in the phase locked pulse renders specular reflections impossible 
under the circumstances. 
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